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INVARIANCE OF THE FUNDAMENTAL GROUP UNDER
BASE CHANGE BETWEEN ALGEBRAICALLY CLOSED
FIELDS
AARON LANDESMAN
ABSTRACT. We provide an expository proof of the fact that the
prime to p e´tale fundamental group of a connected normal quasi-
projective scheme remains invariant upon base change between
algebraically closed fields of characteristic p.
1. STATEMENT OF THEOREM
For X a scheme, we let pi1(X) denote the e´tale fundamental group
of X, where we leave the base point implicit, and we let pi
(p)
1 (X)
denote the maximal prime to p quotient of pi1(X), again with an
implicit choice of base point. For convenience of notation, we let
pi
(0)
1 (X) := pi1(X). If X → Y and Y → Z are morphisms, we denote
X×Y Z by XZ. In the case Z = Spec B, we also denote X×Y Z by XB.
In this note, we give a proof of the following theorem:
Theorem 1.1. Suppose k is an algebraically closed field of characteristic p
and U is a connected normal quasi-projective scheme over k. Let L be any
algebraically closed field with a map k → L, and define UL := U×Spec k
Spec L. Then, the natural map pi
(p)
1 (UL)→ pi
(p)
1 (U) is an isomorphism. In
particular, if p = 0, pi1(UL)→ pi1(U) is an isomorphism.
Remark 1.2. This result is surely well known to the experts and is not
in any way original. Nevertheless, I was having difficulty finding it
in the literature, and so I decided to write it up.
The proof written here is a combination of ideas presented to me
by Brian Conrad and Jason Starr. In particular, Jason Starr has writ-
ten up a separate proof on mathoverflow at [Stab]. The proof in this
note is merely a re-organization of the ideas presented in that post.
It should also be noted that, at least in characteristic 0, a proof is
given in [R71, Expose´ XIII, Proposition 4.6] taking Y = Spec L in the
statement there. However, that proof relies on resolution of singular-
ities, and so here we give a proof not involving such high-powered
results.
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Example 1.3. The prime to p hypothesis in the characteristic p > 0
case is crucial. If k ⊂ L are two algebraically closed fields of char-
acteristic p > 0, then for U a normal quasi-projective scheme over
k the map pi1(UL) → pi1(U) is not in general an isomorphism. A
counterexample is provided in the case U = A1k by Artin-Schreier
covers. In more detail, if pi1(A
1
L) → pi1(A1k) were an isomorphism,
then the map H1(A1k,Z/(p)) → H1(A1L,Z/(p)) would also be an
isomorphism. The Artin-Schreier exact sequence identifies this with
the map k [x] / {fp − f : f ∈ k[x]} → L [x] / {fp − f : f ∈ L[x]}, and this
map is not surjective because axp−1 for a ∈ L− k does not lie in the
image.
1.1. Acknowledgements. I would like to thank Brian Conrad and
Jason Starr. This material is based upon work supported by the
National Science Foundation Graduate Research Fellowship under
Grant No. DGE-1656518.
2. PROOF OF THEOREM
2.1. Idea of proof of Theorem 1.1. The proof of Theorem 1.1 is fairly
technically involved, but the idea is not too complicated: The key is
to verify injectivity of pi1(UL) → pi1(U). As a first step, we reduce
from the normal case to the smooth case using that geometrically
normal schemes have a dense open smooth subscheme. Then, we
assume our variety U is smooth, and prove the theorem by reducing
it to the curve case. For this reduction, we fiber U over a variety of
one lower dimension, in which case we can apply the curve case to
the geometric generic fiber.
It remains to deal with the case thatU is a quasi-projective smooth
curve, which is also the most technically involved part. In this case,
we can write U asU−DwithU smooth and projective andD a divi-
sor. To check injectivity, we want to check every finite e´tale cover of
UL is the base change of some finite e´tale cover of U. If E is one such
cover, we can use spreading out and specialization to obtain an e´tale
cover U ′ → U with the same ramification orders over the generic
points of D that E has. Then, we construct the cover E ′ which is the
normalization of E in E×UL U
′
L, and verify this is the base change
of a cover from k. We do so by applying the projective version of
Theorem 1.1, using that E ′ and U ′L have projective compactifications
E
′
and U
′
L with an e´tale map E
′ → U ′L.
We now indicate how we put together the steps described in the
above to prove Theorem 1.1. In §2.2 (Lemma 2.1), we prove pi1(UL)→
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pi1(U) is surjective. For injectivity, we first prove the map is injective
in the case U is a smooth connected and quasi-projective curve in
§2.3 (Proposition 2.5). We prove in §2.4 (Proposition 2.8) that Theorem 1.1
holds for smooth connected quasi-projective varieties of all dimen-
sions. Finally, we complete the proof in the case that U is normal
connected and quasi-projective in §2.5.
2.2. Surjectivity. We first show pi1(UL)→ pi1(U) is surjective.
Lemma 2.1. The map pi1(UL)→ pi1(U) is surjective.
Proof. To see this, it suffices to verify that the pullback of any con-
nected finite e´tale cover over U along UL → U is connected. Since L
and k are both algebraically closed, the result follows from the fact
that connectedness is preserved under base change between alge-
braically closed fields. 
2.3. The case U is a smooth curve. We now prove injectivity for
smooth connected quasi-projective U. For this, it suffices to show
that any Galois connected finite e´tale cover E ofUL is the base change
of some Galois connected finite e´tale cover of U. To show this, it suf-
fices to find a connected finite e´tale cover E ′k → U so that (E ′k)L → UL
factors through E.
As a first step, we wish to find a cover U ′ of U with the same
ramification orders as E over points in the projective completion of
U.
2.3.1. Notational Setup. Let k → L be an inclusion of algebraically
closed fields, let U be a smooth curve over k, U its regular projective
completion, and D := U − U. Let E → UL be a Galois connected
finite e´tale cover. Let E be the normalization of UL inside E.
Lemma 2.2. With notation as in §2.3.1, Then, there exists a connected
finite coverU
′ → U, e´tale over U, with the same ramification orders that E
has over the corresponding points of DL.
Proof. The idea is to “spread out and specialize” E. To construct U ′,
we can find a finitely generated k-subalgebra A ⊂ L and an finite
e´tale cover EA → UA so that (EA)L ≃ E. Since k is algebraically
closed, for any field K ⊃ k, the irreducible components of DK arise
uniquely from the irreducible components of D under scalar exten-
sion. We freely use this bijection in what follows.
Let K(A) denote the fraction field of A. Note that the ramification
order of EK(A) over each point of DK(A) agrees with that of E over
the corresponding point of DL. Further, we claim that for a general
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closed point s of Spec A, the degree of ramification of s×Spec A EA
over a point of s×Spec ADA ≃ D agrees with the ramification order
of EK(A) over the corresponding generic point of DK(A).
To see why this ramification order is constant over an open set
of Spec A, recall that the ramification order can be identified with
the degree of the relative sheaf of differentials at that point. So, for
p ∈ D a point, considering the sheaf of differentials associated to
EA ×Spec UA pA → pA, under the identification pA ≃ Spec A, we see
that over the generic point, this sheaf has degree n. It follows that
there is an open subscheme of Spec A where the sheaf has degree
n, and so the morphism has ramification degree n on some open
subscheme of Spec A.
Since k is algebraically closed field, every closed point of Spec A
has residue field k, sowemay choose such a closed point t : Spec k→
Spec A with the same ramification orders over D as E over the cor-
responding points of DL. Since the locus on the base Spec A where
the map EA → UA is connected is constructible, we may also as-
sume the fiber of EA → UA over t is also connected. Then, U ′ :=
EA ×Spec A Spec k is our desired connected finite e´tale cover. 
Summarizing, the situation of Lemma 2.2, we obtain the commu-
tative diagram
E EA U
′
UL UA U
Spec L Spec A Spec kt
where the four squares are fiber products.
2.3.2. Further notation. Let U
′
denote the normalization of U in U ′.
By possibly replacing U ′ with its normalization in a finite field ex-
tension, we may assume K(U)→ K(U ′) is even Galois. Let E ′ denote
the normalization of E in E×UL U
′
L and let E
′ := E
′
×
U
′
L
U ′L, as in the
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commutative diagram
E ′ E
′
E E
U ′L U
′
L
UL UL DL.
Observe that the finite map U
′ → U restricts to U ′ → U over
U ⊂ U as U is normal. Furthermore, by Abhyankar’s lemma [FK88,
A I.11] (see also [R71, Expose XIII, 5.2]) we obtain that U
′
is regular,
hence smooth (as we are working over an algebraically closed field
k).
Although the normalization E → UL of UL in E → UL is not nec-
essarily e´tale, we now show the finite surjection E
′ → U ′L is e´tale.
Lemma 2.3. Retain notation as in §2.3.1 and §2.3.1. Then, E
′ → U ′L is
e´tale.
Proof. From Lemma 2.2, by construction ofU ′ → U, for each point of
DL, the ramification degree of E→ UL agrees with that of U ′L → UL.
We next claim that the resulting map E
′ → U ′L is e´tale over all
points of U
′
L lying above a point of DL. Indeed, this is where we
crucially use the assumption that E → U has degree prime to p.
Since being e´tale can be checked in the local ring at each such point,
e´taleness of E
′ → U ′L follows from the following Lemma 2.4. 
Lemma 2.4. Suppose Spec B → Spec A and Spec C → Spec A are two
maps of local Dedekind domains, both ramified to order n, with n prime to
the characteristic of K(A). Let Spec D → Spec A be the normalization of
Spec B in Spec B×Spec A Spec C. Then, SpecD→ Spec C is e´tale.
Proof. First, we reduce to the situation that A is strictly henselian.
Indeed, recall that the strict henselization of A is constructed as a
limit of e´tale covers of Spec A. Because we can check that Spec D→
Spec C is e´tale after passing to an e´tale cover, and because normaliza-
tion commutes with passing to e´tale covers, we can check the result
in the case that A is strictly henselian.
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Therefore, we now assume A is strictly henselian. Let pi denote a
uniformizer of A. By Abhyankar’s lemma [FK88, A I.11], we know
that B ≃ A[pi1/n] and C ≃ A[pi1/n]. Then, we claim D = B⊗A C. To
verify this, it suffices to show that φ : Spec B⊗A C→ Spec C is e´tale,
becauseC is normal and e´tale schemes over normal schemes are nor-
mal by Serre’s R1+S2 criterion for normality. Therefore, the fiber
product Spec B⊗A C would already be normal, and hence must be
the desired normalization. Further, this would then imply Spec D→
Spec C is e´tale because D = B⊗A C and Spec B⊗A C → Spec C is
e´tale.
So, to conclude the proof, we only need check B⊗A C→ C is e´tale.
Indeed, letting ζn be an nth root of unity,
B⊗A C ≃ A[pi
1/n]⊗A A[pi
1/n]
≃ A[pi1/n][x]/(xn − pi)
≃ A[pi1/n][x]/(x− ζinpi
1/n)
≃ ⊕ni=1A[pi
1/n],
which is indeed e´tale over A[pi1/n] ≃ C. 
We are now prepared to complete the curve case of Theorem 1.1.
Proposition 2.5. Theorem 1.1 holds in the case that U is a smooth curve.
Proof. Retain notation from §2.3.1 and §2.3.2. Since E ′ → UL is a
finite e´tale cover of UL dominating E → UL, to complete the proof
in the case that U is smooth, it suffices to show E ′ → UL is the base
change of some finite e´tale cover E ′k → U. We showed in Lemma 2.3
that E
′ → U ′L is a finite e´tale cover. Since U
′
is projective, by [Staa,
Tag 0A49], we obtain that there is some finite e´tale cover E
′
k → U
′
with E
′
≃
(
E
′
k
)
L
. Define E ′k := E
′
k ×U ′ U
′ and note that (E ′k)L ≃ E
′.
Since U ′ → U is also finite e´tale, we obtain that the composition
E ′k → U ′ → U is finite e´tale. Therefore, (E ′k)L ≃ E ′ is a finite e´tale
cover of UL which is the base change of a finite e´tale cover of U. We
have shown that (E ′k)L → UL is a finite e´tale cover of UL factoring
through E, which is what we needed to construct.

2.4. The caseU is smooth. In this section, specifically in Proposition 2.8,
we prove Theorem 1.1 in the case thatU is a smooth connected quasi-
projective variety of arbitrary dimension.
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To start, we reduce to the case that U is a relative curve over pro-
jective space of one dimension lower.
Proposition 2.6. Let U be a smooth connected quasi-projective variety of
arbitrary dimension d. In order to show Theorem 1.1 holds forU, it suffices
to show it holds for smooth connected quasi-projective varieties U with a
dominant generically smooth map α : U→ Pd−1k .
Proof. Say we haveU ⊂ Pnk . To start, replacingU by its span, wemay
assume U is nondegenerate. Choose a codimension d plane H ⊂ Pnk
such that if J ′ ⊂ Pnk is a general codimension d− 1 plane containing
H, we have J ′ ∩ U is smooth. This is possible by Bertini’s theorem,
see Lemma A.1 for a detailed proof. Then, pi1(U−H ∩U) ≃ pi1(U)
because the fundamental group of a smooth variety is unchanged
by removing any set of codimension at least 2 (see Lemma A.3). So,
replacing U by U−H ∩U, we may assume there is a codimension d
hyperplane which U intersects trivially.
We now prove the proposition in the case there is a codimension d
planeH intersectingU trivially and so that for a general plane J ′ con-
taining H, the intersection J ′ ∩U is smooth. We want to show there
is a dominant map U → Pd−1k whose generic fiber is smooth. Geo-
metrically, this map is given by sending a point on U to the unique
codimension d− 1 hyperplane containing Hwhich that point lies in.
More formally, let V ⊂ Pn ×Pd−1k denote the closed subscheme uni-
versal family over the Grassmannian of codimension d − 1 planes
containing the codimension d-plane H. We obtain a map V → Pnk .
This map is birational, and an isomorphism away from H. Because
U does not intersect H, we may consider U ⊂ V. The map V→ Pd−1k
induces a map U → Pd−1k . By construction of H, the generic fiber of
the map is smooth. 
Using the fibration of Proposition 2.6, we next show that the generic
fiber of Galois connected finite e´tale cover EL → UL over L is the base
change of a Galois connected finite e´tale cover over K.
Proposition 2.7. Assume U is a smooth connected normal k-variety and
with a dominant generically smooth map α : U→ Pd−1k and suppose EL →
UL is a Galois connected finite e´tale cover. Let ηk denote the generic point of
P
d−1
k and ηL denote the geometric generic point of P
d−1
L . Our given cover
restricts to a Galois connected finite e´tale cover EηL → UηL which is the
base change of some Galois connected finite e´tale cover Eηk → Uηk .
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Proof. Let ηk and ηL denote geometric generic points corresponding
to ηk and ηL, meaning that ηk has residue field which is the algebraic
closure of κ(ηk) and similarly for L.
Since EηL := E×Pd−1
L
ηL is smooth and of dimension 1, by the curve
case of Theorem 1.1, shown in Proposition 2.5, it arises as the base
change of some cover Eηk → Uηk . That is, (Eηk)ηL ≃ EηL .
To conclude the proof, we only need realize Eηk → Uηk as the base
change of a map over ηk. We can realize ηk → ηK as the composition
of a purely inseparable morphism ηk → ηsk and a separable mor-
phism ηsk → ηk by taking ηsk := Spec κ(ηk)s. (Here, for K is a field, Ks
denotes its separable closure.) Since ηk → ηsk is a universal homeo-
morphism, the same is true of Uηk → Uηsk , and so the map induces
an isomorphism of e´tale fundamental groups pi1(Uηk) → pi1(Uηsk)
[Staa, Tag 0BQN]. It follows that Eηk → Uηk is the base change of a
morphism Eηs
k
→ Uηs
k
over ηsk. It suffices to verify this is the base
change of a map over ηk. which we will do by showing Eηs
k
→ Uηs
k
is stable under the pi1(ηk) = Gal(η
s
k/ηk) action.
Indeed, observe thatwe have the explicit descriptions ηk ≃ k(x1, . . . , xn)
and ηL ≃ L(x1, . . . , xn). It follows that the two maps of schemes
ηsk → ηk and ηL → ηk correspond to the linearly disjoint exten-
sions of fields k(x1, . . . , xn) → k(x1, . . . , xn)s and k(x1, . . . , xn) →
L(x1, . . . , xn). Indeed, it is a standard fact that these are linearly dis-
joint (see Lemma A.4).
Since k(x1, . . . , xn)
s and L(x1, . . . , xn) are linearly disjoint, any au-
tomorphism of k(x1, . . . , xn)
s over k(x1, . . . , xn) can be extended to
an automorphism of L(x1, . . . , xn)
s over L(x1, . . . , xn). Since EηL →
UηL was invariant under the pi1(ηL) action, it follows that Eηk → Uηk
is invariant under the pi1(ηk) action. Therefore, Eηk → Uηk descends
to a map Eηk → Uηk over ηk, completing the proof. 
Wenow complete the proof of Theorem 1.1 in the caseU is smooth.
Proposition 2.8. Theorem 1.1 holds when U is smooth.
Proof. By Proposition 2.6, wemay assume there is a generically smooth
dominant map U → Pd−1k . With notation as in Proposition 2.7, any
Galois connected finite e´tale cover EL → UL restricts to a cover EηL →
UηL which is the base change of a Galois connected finite e´tale cover
Eηk → Uηk .
Define, Ek to be the normalization of U in the fraction field of Eηk .
We claim that (Ek)L ≃ EL as covers of UL. This will complete the
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proof, because upon verifying (Ek)L ≃ EL, we will obtain that Ek →
Umust be e´tale, as the base change to L is e´tale.
To see (Ek)L ≃ EL as covers of UL, we know EL is the normaliza-
tion of UL in K(EL) = K(EηL). Further, since L/k has a separating
transcendence basis (since k is algebraically closed, hence perfect), it
follows that (Ek)L is normal and has fraction field K(E). Therefore,
(Ek)L ≃ EL by the universal property of normalization. 
2.5. Proof of injectivity in the general case. We now complete the
proof of the theorem for normal connected quasi-projective schemes,
using that we have proven it for smooth U.
Proof of Theorem 1.1. By Lemma 2.1, the map pi1(UL) → pi1(U) is sur-
jective. To complete the proof, we wish to show it is injective. To
verify the map pi1(UL) → pi1(U) is injective, we would like to show
that if E → UL is any connected finite e´tale cover, then E is isomor-
phic to (E ′)L for E
′ → U some connected finite e´tale cover. To see
this, start with some E→ UL. LetW ⊂ U denote the maximal dense
open smooth open subscheme of U. Since we have already shown
the map pi1(WL) → pi1(W) is an isomorphism in Proposition 2.8, we
know that E ×UL WL is isomorphic the base change of some finite
e´tale cover E ′ → W along Spec L → Spec k. Let E˜ ′ denote the nor-
malization ofU in E ′. SinceU is normal, E˜ ′ → U is a finite morphism.
The setup this far is summarized by the commutative diagrams
E×UL WL E E
′ E˜ ′
WL UL W U.
To complete the proof, we only need show E˜ ′ → U is e´tale and
there is an isomorphism E˜ ′L ≃ E over UL. Indeed, since E˜
′ is nor-
mal and finite over U, the base change E˜ ′L is normal and finite over
UL (again using that L/k has a separating transcendence basis). It
follows that E˜ ′L is the normalization of UL in E
′
L ≃ E×UL WL. But,
since E is also the normalization of UL in E×UL WL, we obtain that
E ≃ E˜ ′L. Since E˜
′
L ≃ E → UL is e´tale, it follows that E˜ ′ → U is also
e´tale, completing the proof. 
APPENDIX A. COLLECTED LEMMAS
In this appendix, we collect several lemmas used in the course of
the above proof. These are all quite standard, and we only include
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them for completeness. We include them in this appendix and not in
the body so as not to distract from the flow of the proof.
To start, we record a consequence of Bertini’s theorem.
Lemma A.1. LetU ⊂ Pnk be a nondegenerate smooth variety of dimension
d. Then there exists a codimension d planeH ⊂ Pnk such that if J
′ ⊂ Pnk is
a general codimension d− 1 plane containingH, we have J ′ ∩U is smooth.
Proof. By Bertini’s theorem, (specifically [Jou83, Theoreme 6.6(2)],)
becauseU is smooth, and hence non-ramified over k, we may choose
a codimension d− 1 plane H ′ ⊂ Pnk such that H
′ ∩U is smooth. Let
H ⊂ H ′ be a codimension d plane in Pnk . Observe that for a general
plane J ′ ⊃ H, we have U ∩ J ′ is smooth. Indeed, if we let Φ denote
the incidence correspondence
Φ :=
{(
u, J ′
)
: u ∈ U, [J ′] ∈ Gr(n+ 1− d,n+ 1), J ′ ⊃ H,u ∈ J ′
}
⊂ U×Gr(n+ 1− d,n+ 1)
we have a map Φ → Pd−1k , sending (x, J ′) 7→ J ′, where Pd−1k pa-
rameterizes codimension d− 1 planes containing H. The fiber over
[J ′] ∈ Pdk isU∩ J
′. Since the smooth locus of a morphism is open and
the fiber over [H ′] is smooth, the fiber over a general point is smooth.
Ergo, for a general J ′ ⊃ H, U ∩ J ′ is smooth. 
Next, we note two standard results on how the fundamental group
behaves upon passing to open subschemes.
Lemma A.2. Let Y be a normal connected scheme andW ⊂ Y be a nonempty
open. Then the natural map pi1(W)→ pi1(Y) is surjective.
Proof. To check the map is surjective, we need to check any con-
nected finite e´tale cover E → Y has pullback E×Y W which is also
connected. First, we claim E is normal. Indeed, since normality is
equivalent to being R1 and S2, E is normal because the properties
of being R1 and S2 are preserved under e´tale morphisms. There-
fore, E is normal and connected, hence integral. Then, E ×Y W is
a nonempty open subscheme of the integral scheme E, hence con-
nected. 
Lemma A.3. Let U be a smooth k-scheme and V ⊂ U a closed subscheme
of codimension at least 2. Then the natural map pi1(U−V)→ pi1(U) is an
isomorphism.
Proof. The map is surjective by Lemma A.2, so it suffices to verify
injectivity. For this, we have to show that any finite e´tale cover E →
U−V , extends uniquely to a finite e´tale cover E ′ ofU. Uniqueness is
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immediate because E ′ is necessarily normal, and hence must be the
normalization ofU in E. So it suffices to check that the normalization
E ′ of U in E is a finite e´tale cover of U, restricting to E over U −
V . That E ′ restricts to E over U − V is clear and E ′ → U is finite
by finiteness of normalization. Finally, E ′ → U is e´tale by Zariski-
Nagata purity as in [R71, Exp. X, The´ore`me 3.1] because it is e´tale
over all codimension 1 points and U is smooth. 
Finally, we record a field-theory result on linear disjointness of cer-
tain extensions.
Lemma A.4. Suppose k→ L are algebraically closed fields. Then k(x1, . . . , xn)→
k(x1, . . . , xn)
s and k(x1, . . . , xn)→ L(x1, . . . , xn) are linearly disjoint ex-
tensions
Proof. To see why these are linearly disjoint, we want to show the
only finite separable extension of k(x1, . . . , xn) in L(x1, . . . , xn) is k(x1, . . . , xn).
To this end, let F be some finite separable extension of k(x1, . . . , xn)
in L(x1, . . . , xn). So, to see F is equal to k(x1, . . . , xn), it suffices to
show F⊗k(x1,...,xn) F is a domain. We have a containment
F⊗k(x1,...,xn) F ⊂ L(x1, . . . , xn)⊗k(x1,...,xn) L(x1, . . . , xn),
so it suffices to show
L(x1, . . . , xn)⊗k(x1,...,xn) L(x1, . . . , xn)
is a domain. Indeed, this is a localization of
L[x1, . . . , xn]⊗k[x1,...,xn] L[x1, . . . , xn] ≃ (L⊗k L)[x1, . . . , xn],
so it suffices to show L ⊗k L is a domain. This then holds because
L is a domain, and domain over an algebraically closed field is still
a domain upon base change to any larger algebraically closed field,
i.e., the property of being geometrically integral is preserved under
base change between algebraically closed fields. 
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